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ABSTRACT: A phenomenological model for the process of structural relaxation in glass-forming materials 
is discussed. The model is based on an  expression for the evolution of the configurational entropy of the 
material when subjected to an  arbitrary thermal history and contains four fitting parameters. The 
prediction of the model is presented in terms of heat capacity c,(T) curves, which are compared with the 
experimental DSC heating scans. Experimental results on polycarbonate with a broad series of thermal 
histories are presented, and the routine employed to fit the parameters of the model is described. The 
procedure permits the determination of material parameters (independent of thermal history) of the 
polymer: a curve of calorimetric equilibrium relaxation times as a function of temperature and a value 
for the width parameter of the Kohlrausch- Williams- Watts relaxation function. The possibility that  
the limit states of the structural relaxation process do not coincide with the states obtained from the 
extrapolation of the experimentally determined liquidus curve is also discussed. 

1. Introduction 
Structural relaxation is the term which designates the 

process of approach to an equilibrium state undergone 
by a glass held in constant environmental conditions 
after its formation history.1,2 This process is revealed 
in the time evolution of several thermodynamical or 
physical variables such as specific volume or enthalpy, 
mechanical storage or loss moduli, dielectrical permit- 
tivity, etc. The kinetics of the process described in terms 
of functions of time and thermal history is different for 
different  variable^.^,^ Thus it is usual to  speak about 
“volume relaxation” or “enthalpy relaxation” to refer to 
the structural relaxation process as characterized by 
means of the evolution of the specific volume or the 
specific enthalpy, respectively, after a certain thermal 
h i s t ~ r y . ~ > ~ - ~  One of the experimental techniques most 
frequently used for the study of structural relaxation 
is differential scanning calorimetry (hereafter DSC). A 
sample of the amorphous, glass-forming material is 
subjected to a thermal history starting at a temperature 
TO higher than its glass transition temperature Tg; after 
successive stages involving cooling and eventually heat- 
ing at controlled rates, and isothermal periods, the 
sample is brought to a temperature T I  below Tg and 
subsequently heated from 2’1 to TO, while the specific 
heat capacity cp is recorded as a function of the tem- 
perature T.  This delivers useful information related to 
the process of structural relaxation of the sample which 
has taken place before and during the measuring scan 
itself. 

In order to fully exploit this experimental information, 
great importance is attached to the development of 
mathematical models which allow the comparison of 
experimental cp( T) curves measured after different 
thermal histories with theoretical predictions. This 
comparison leads to the determination of values for the 
free parameters in the model. The models mostly used 
contain four parameters. These are meant to be char- 
acteristic of the material and independent of the ther- 
mal history. Thus the model should be able to repro- 
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duce the experimental results determined after any 
thermal history with a single set of parameters. Nev- 
ertheless, this is not the case, and it has been frequently 
reported that different sets of parameters are necessary 
to reproduce accurately the c,(T) curves measured after 
different thermal h i s t~ r i e s .~ ,~ - l l  If a single set of 
parameters is determined from the fit to  a series of 
thermal histories, the models usually predict cP(n 
curves measured after an isothermal annealing at a 
temperature near Tg with peaks narrower and higher 
than the experimental o n e ~ . ~ J ~  This effect is very clear 
when the annealing time is long enough and the 
annealing temperature is on the high-temperature side 
of the glass transition interval, a thermal treatment 
which is not frequent in the literature. A similar effect 
can be found when c,(T) curves measured after cooling 
at very high and very slow rates from equilibrium are 
fitted simultaneously with the same set of parameters.13 
It cannot be excluded that the search routine may have 
some role in these difficulties. 

Assumptions of two kinds are made when theories of 
structural relaxation are developed. In the first place, 
there are those concerning the very physical concept or 
image of the process. In this respect, both the models 
based on molecular theories6J4-18 and the phenomeno- 
logical models holding a macroscopic point of v i e ~ ~ ~ J ~ - ~ ~  
have been able to reproduce the most salient features 
of structural relaxation, even though discussion still 
continues on several specific questions. In the second 
place, both approaches are in need of more special 
assumptions concerning certain parameters or material 
functions of the models (form of the specific heat of the 
glass and the liquid, definition of the length of the chain 
segment, shape of the distribution of relaxation times, 
etc.). This second kind of supposition may have little 
influence on the model prediction of the c,(T) curves 
corresponding to  different thermal histories, but can 
heavily affect the values of the material parameters 
determined from them. 

Besides these assumptions, the very way in which the 
model equations are compared with the experimental 
results constitutes a third aspect of the problem which 
deserves a close analysis: in particular, whether or not 
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Dielectric experiments were conducted isothermally, from 
100 to 200 "C in the frequency range between 200 Hz and 100 
kHz using a General Radio 1620A capacitance bridge with a 
Balsbaugh LD3 cell. 

3. Constitutive Equation for Configurational 
Entropy and Model Equations 

As is usual in phenomenological theories of structural 
relaxation, the relevant thermodynamical variables are 
regarded as functions of the whole thermal history 
experienced by the sample. We analyze here the 
configurational entropy S, under this point of view. If 
F is the temperature history up to time instant t ,  T(u), 
--m < u I t ,  this fact is expressed by putting S,(t) = 
&(F) (we consider here only the dependence on tem- 
perature of S,; other variables, such as pressure,-are 
regarded as constant, as in fact happens in DSC). S, is 
a nonlinear functional of its argument, the thermal 
history. Whereas linear memory effects can all be 
represented in terms of a single model (Boltzmann's 
linear hereditary equation), such a universal represen- 
tation does not exist for nonlinear relationships. Some 
additioKa1 assumptions are thus necessary to fix the 
form of S,. Models proposed up to now for the evolution 
of the properties monitored during the structural re- 
laxation process are assumed linear in the temperature 
history when this last is expressed in a "reduced time" 
scale.20 This is possible because the thermodynamical 
variables being followed are enthalpy, specific heat 
capacity, or specific volume, or the corresponding fictive 
temperatures. Since we aim here at an equation for the 
configurational entropy, no such assumption is allowed. 
We suppose instead that after a suitable rescaling of 
the time variable, given by a strictly increasing mapping 
6 = ii(t) which take! into account the changing structure 
of the material, S, is expressible in the form of a 
"quasilinear" equation, 

it is possible to determine characteristic material pa- 
rameters and functions from this comparison. 

In the present study we employ a phenomenological 
model and address the second and the third of these 
questions. In common with previous phenomenological 
theories, our model uses the Adams and Gibbs equa- 
t i ~ n , ~ ~  first proposed in ref 22 and exploited in ref 12, 
as well as a reduced time and a Kohlrausch-Williams- 
Watts relaxation function. We analyze the possibility 
of determining from a set of experimental results a set 
of parameters independent of the thermal history of the 
experimental process, and thus characteristic of the 
material under study, and examine the influence on the 
values of these parameters of the suppositions made in 
the equations concerning the specific configurational 
heat capacity. For this matter we propose an equation 
for the configurational entropy instead of considering 
the fictive temperature, as is usual in works on struc- 
tural relaxation since the times of Tool. This point of 
view allows us to employ directly (an extension of) 
Adams and Gibbs' equation for the relaxation times and 
to avoid the normalization of the experimental c,(T) 
curves needed to construct the dTddT curves, based on 
extrapolation of the liquid and glass curves of the heat 
capacity. As a consequence, all equations derived from 
the model are compatible with different expressions for 
the configurational heat capacity, whose influence on 
the values of the model parameters can be thus tested. 

We check the predictions of the model against experi- 
mental results on Bisphenol A polycarbonate, a polymer 
which has been the subject of many experimental 
studies of the structural relaxation process with many 
different  technique^.^^^^^-^^ In a subsequent study we 
compare the model with results on a family of meth- 
acrylate polymers.33 

2. Experimental Section 
Samples of Bisphenol A polycarbonate (Lexan 141/111 from 

General Electric Plastics) were molded at 250 "C to sheets 
approximately 1 mm thick for the dynamic-mechanical and 
dielectric experiments, or to films 0.3 mm thick for the DSC 
experiments. The polymer was dried in uucuo at 160 "C to 
constant weight. 

Calorimetric experiments were carried out in a differential 
scanning calorimeter Perkin-Elmer DSC4 calibrated with 
standard indium and sapphire samples, and the data were 
collected in a TADS 3700 data station. A single 11 mg sample 
enclosed in an aluminum pan was used in all the measure- 
ments. 

All thermal treatments were carried out in the calorimeter. 
They always started with an annealing at 180 "C for 10 min 
to erase the effects of previous thermal histories and to ensure 
that the polymer was in an equilibrium state. Whenever the 
thermal history included an isothermal annealing, the cooling 
rate to attain the annealing temperature T, was 40 "C/min. 
After an annealing time t ,  the sample was cooled again at a 
rate of 40 Wmin until 100 "C, the temperature selected for 
the start of the measuring scan, and then heated at a rate of 
10 "Cimin to 180 "C. Heat flux was recorded only during the 
heating scan, and the c,(n curve was calculated from it. We 
will call hereafter a reference scan the heating scan which 
follows a cooling from 180 "C to 100 "C at 40 "C/min. 

A series of measurements were conducted without the 
isothermal annealing stage, with cooling rates ranging from 
1 to 40 "C/min. The heating rate was always 10 "C/min, the 
heating rate used for the calibration of the calorimeter. 

Dynamic-mechanical experiments were performed in a 
Polymer Laboratories dynamic mechanical thermal analizer 
DMTA-I1 in the double cantilever mode, with a free length of 
5 mm. Measurements were conducted isothermally. The 
temperature varied from 100 to 180 "C in steps of 5 deg. 

where the integration is in the sense of Riemann- 
Stieltjes (with the composite function (F o 21 being the 
integrating function). For any fxed F, in this equation 
E = W), and %), -00 < u I 6, is the history of 
temp_erature expcessed in the new time scale, Le., T(u) 
= nth)), where t (u )  = t denotes the inverse mapping 
of Ei(t). In (11, G, F, 4, and Ei are functions characterizing 
the material. Their number can be reduced and their 
form established with the help of some natural ad- 
ditional hypotheses. 

First of all, we should like q5 to behave as a normalized 
relaxation function and thus impose that it decrease 
monotonically and 

lim @(u) = 0 and lim +(u) = 1 (2) 
U-m u-0 

Further, we want the configurational entropy Sc(t) to 
have its equilibrium value Szq(Tx) at any temperature 
Tx if the thermal history of the sample has heen the 
constant history T(a) = Tx for all --m < u I t: S,(r") = 
S:q(T*). Substitution of this condition in (1) gives G = 
Steq. For the equilibrium configurational entropy we 
assume 

(3) 
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where Acp(Z“) is the specific configurational heat capacity 
at temperature T. Thus a temperature Tz, Gibbs and 
DiMarzio’s transition t e m ~ e r a t u r e , ~ ~  is assumed to exist 
for which Szq vanishes, see ref 35. 

Consider now the temperature-jump history T(a) = 
Ta + (Tb - Ta) h(a), -- < a i t ,  where h denotes 
Heaviside’s unit step function and Ta and Tb are any 
two arbitrary temperatures. Equation 1 yields Sc(a) = 
SEq(Ta) for a < 0 and 

for a I 0. In contrast to  what happens to other 
thermodynamical variables such as specific volume or 
enthalpy, which may experience instantaneous changes 
at temperature jumps, configurational entropy is con- 
tinuous through any such a jump: in the case being 
considered, lim,o+ Sc(a) = lim-0- Sc(u) = SEq(Ta). 
Taking limits in (4) and recalling (21, we get SEq(Ta) - 
szq(Tb) = F(T,) - F(Tb), valid for any two Ta and Tb. 
From here, dSEq(T)/dT = dF(T)/dT. Thus, summing 
up, these hypothesis lead to a reduced form of (1) 

s,<m = SEYT(t)) - J-y 4(a(t) - u) d q ( T ( Z ( U ) ) )  ( 5 )  

When compared with linear constitutive equations, 
which are always expressible in the form of Boltzmann’s 
hereditary integral law JLm M(t  - a) dT(a), we notice 
that nonlinearity in (5) has two sources: first, past 
temperatures influence the present value of configura- 
tional entropy through Szq weighted by 4; second, as 
shall be later seen, a(t)  (and thus also t(u)) depends on 
S,(t) itself. 

For any temperature-jump thermal history, T(t)  = T I  
+ (P - TI) h(t), we have, from (51, Sc(t) = Szq(T1) for t 
< 0, and 

This equation justifies the consideration of 4 as a 
relaxation function. For a multiple-step temperature 
history, T(t) = To + Cy=,(Ti - Ti-1) h(t - t i -1 )  (with to = 
01, 

Wi-1)) (9) 

and for a constant-rate history, when T(t)  = To + qt h(t) 
is substituted in (5) we have 

(10) 
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Nonexponentiality, one of the most clearly recognized 
experimental features of structural r e l a x a t i ~ n , ~ ~ ~ ~ ~ ~ ~ ~  is 
accounted for in our model by assuming a form of 4 
given by a Kohlrausch-Williams-Watts-type37 for- 
mula: for 0 i u < - 

4(u) = exp(-u9 (11) 

It is also an experimental fact that master cumes can 
be constructed for the relaxation process out of curves 
obtained a t  different temperatures by a shifting proce- 
dureZ0 (conceptualization of the structural relaxation 
process as a sum of individual exponential processes 
characterized by relaxation times ti which all have the 
same temperature dependence is a way to  give this 
empirical fact some foundation21). This feature is 
incorporated through the definition of a %educed time” 
scale; see ref 20. For simplicity in the definition of this 
time scale we consider only thermal histories T(a), -- 
< a I t ,  which were constant up to time instant o = 0; 
Le., we consider only temperature histories ’@ of the 
form T(a) = TO + f lu) Ma), where To is any temperature 
and f lu) is any function. The time scale transformation 
is then assumed to be given by 

where, as in ref 22, we take in this equation f(a) = 
z(Sc(a),T(a>) and 

(13) 

Equation 13 is an extension of Adam and Gibbs’ expres- 
sion for the equilibrium relaxation times to states out 
of equilibrium: when the configurational entropy S, in 
it has the equilibrium value SEq(T), we have 

A is here a pre-exponential constant; the parameter B 
in Adam and Gibbs’ theory is 

where sc means the configurational entropy of the 
smallest cooperatively rearranging region, Ap is the free 
energy barrier hindering configurational rearrangement 
per mole of molecules or chain segments, and k is 
Boltzmann’s constant. 

The mapping ti defined by (12) is-strictly increasing 
and thus h_as an inverse mapping, t(u). Their deriva- 
tives obey t’(u) = l/fi’(t) when u = e(t). From (121, U t )  
= l/W, and thus ?(u) = ?(t)  = E M U ) )  = t(u), a result 
which can be substituted in (10) to give 

(16) 

Notice that 4 in (5) has-reduced time as its argument. 
A “relaxation function” #(t)  with actual time as argu- 
ment can be fiefined through #(t) = @a(t)); for each t ,  
the value of 4 depends on the thermal history experi- 
enced by the material. 
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temperature interval probably would not be high enough 
due to  the curvature of the baseline. 

Another difficulty arises if some part of the heat 
capacity increment Ac, in the glass transition would 
reside in internal degrees of freedom. This possibility 
was pointed out by G ~ l d s t e i n . ~ ~  According to  him, when 
the temperature rises past Tg, changes in vibration 
frequencies, anharmonicity, or changes in the number 
of molecular groups participating in motions which are 
detected as secondary relaxations would be responsible 
for this. For polycarbonate there are reports of a 
substantial influence on the strength of the secondary 
dielectric or dynamic-mechanical relaxations of the 
configurational state in the glass attained &er different 
thermal histories starting above Tg.31,32 The strength 
of such relaxation peaks, and thus the number of 
molecular groups participating in them, decreases as 
the structural relaxation process progresses, i.e., as the 
number of available configurations or the configura- 
tional entropy or the fictive temperature decreases. 
Conversely, when the temperature rises through the 
glass transition and a greater number of configurations 
is available to the polymer segments, the polymer 
groups that were not able to participate in the secondary 
relaxations in the glassy state may become free for these 
motions, contributing to the vibrational specific heat 
capacity with new degrees of freedom. 

The above arguments make difficult a definitive 
choice of the expression for the dependence of Ac, with 
temperature, whether to take (17) and (18) or even an 
equation independent of temperature. As a conse- 
quence, it seems interesting to keep open the possibility 
of studying the effect of the different expressions for Ac,- 
(27 on the model predictions. This possibility is en- 
hanced by our model. 

Equation 5 together with (11)-(13) is an integral 
equation for S,(t) which must be solved numerically. In 
this work cooling and heating stages in the thermal 
histories were replaced by a series of l-deg temperature 
jumps followed by isothermal stages with a duration 
calculated to  result in the same overall rate of temper- 
ature change as in the actual experiments. The con- 
figurational entropy was calculated at time instants t k  
with (9), and the relaxation time at those time instants 
is then calculated using (13). This value of the relax- 
ation time is used to calculate the reduced time in the 
subsequent time instant tk+l, according to (12). After 
each temperature jump the reduced time was evaluated 
in time instants tk = 0.001.2k seconds, with integer k. 

Comparison of the experimental results with the 
model calculations requires that they be expressed in 
terms of c,(T) curves. Owing t o  the inherent irrevers- 
ibility of the structural relaxation process, there is no 
straightforward relationship between the configura- 
tional entropy and c,(T). However, it is true that 

When the assumptions (11)-(13) are introduced in (5),  
a constitutive equation for configurational entropy out 
of equilibrium results which has, besides the function 
Ac,(T), four adjustable parameters: A, B, Tz, and p. 
Three of them, A, B, and Tz, together with Acp(T) define 
the dependence of the equilibrium relaxation times on 
temperature, (14); p can be interpreted as a width 
parameter of a distribution of relaxation times. 

Given a set of values for the four model parameters, 
the Ac,(T) curve has a key role in the behavior predicted 
by eqs 5,9, and 16. In principle, the expression for Ac,- 
(T) should be considered an experimental datum: the 
difference between the specific heat capacity curves 
determined for the equilibrium liquid and for the glassy 
states, c,l(T) and cpg(T), respectively. The difficulty is 
that both functions cannot be determined simulta- 
neously in any temperature interval, and so the calcula- 
tion of Ac,(T) is always based on an extrapolation. 
Usually, linear expressions for c,l(T) and cpg(T) are 
assumed, and as a consequence, Ac,(T) is a linear 
function of T too,38 

Ac,(T) = A, + A,T (17) 

usually with negative A2 values in a way such that Ac, 
vanishes at a certain temperature above Tg. The 
equation 

has also been frequently used (as in Hodge's AGV 
modell2) because it simplifies the calculations. In this 
expression Acp is also a decreasing function of temper- 
ature, but it does not vanish at any finite value of 
temperature. 

Some additional uncertain points are related to  the 
determination of the specific configurational heat capac- 
ity. One difficulty lies in the identification of cpg(T) with 
the experimental values of c,(T) measured for temper- 
atures below the glass transition. DSC measurements 
are highly reproducible if experimental conditions re- 
main unchanged. This is the case when several con- 
secutive heating scans are conducted on the same 
sample with different thermal histories but changing 
neither the position of the sample pan in the apparatus' 
holder nor the position of the its cover. In this way it 
becomes possible to  determine the temperature interval, 
below the glass transition, in which the experimental 
c,(T) curve is independent of the thermal history. In 
the present work, reproducible heat capacity values 
independent of the thermal history have been found in 
the temperature range between 110 and 130 "C in the 
above mentioned experimental conditions. From these 
values the expression for the c,,(T) curve has been 
calculated. Nevertheless, in this temperature range a 
significant conformational mobility still remains. This 
is revealed by the fact that isothermal annealing a t  
temperatures within this interval, or even a t  temper- 
atures as low as 80 "C (results not shown), leads to  
significant changes in the c,(T) curve which appear a t  
higher temperatures. It is reasonable to keep in mind 
the possibility that the accepted cpg values still contain 
a certain component due to configurational degrees of 
freedom. Experiments in a very wide temperature 
range would help to be conclusive on this point, looking 
for changes in the curvature of cpg(T) that could indicate 
the onset of the conformational motions. Unfortunately, 
the accuracy of DSC measurements in a too wide 

where H, is the specific configurational enthalpy. For 
the dependence of H, upon the thermal history an 
analogous derivation to that of S ,  is assumed, which 
leads to the equation, analogous t o  (91, 
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Table 1. Fictive Temperature in the Glassy State after 
Cooling from 180 "C at Different Cooling Rates 

Cooling rate Cooling rate 
TF (K) (Wmin)  ('C/min) TF (K) 

1.4 
120 130 140 150 160 

Tern peratu re( "C) 
Figure 1. Temperature dependence of the specific heat 
capacity cp measured in heating scans after cooling from 180 
"C at different rates: (A) 40 "C/min; (0) 20 "Urnin; (0) 10 "C/ 
min; (A) 5 "Urnin; (0) 2 "Urnin; (m) 1 "C/min. 

for a stepped temperature history. The assumption 
made here in order to determine H, is that the relax- 
ation function #H coincides with the entropy's relaxation 
function 4; Le.,  it is assumed that the relaxation times 
for enthalpy and entropy are the same, and conse- 
quently, they are also the same for the Gibbs free 
energy. 

The set of four parameters of the model was deter- 
mined by a simultaneous least-squares fit to a set of 
five experimental cp(T) curves obtained after five sig- 
nificantly different thermal histories (those shown in 
Figure 2 and defined in the caption to this figure). The 
correlation between the four parameters has been amply 
reported for phenomenological models as those of Naray- 
anaswamy-Moynihan or S c h e r e r - H ~ d g e ~ , ~ J ~ J ~ J ~ , ~ ~ - ~ ~  
and is also found in the one proposed in the present 
work. Mainly, a correlation is found between B and TZ 
(see below). To avoid this problem, the parameter B 
was fured while the other three were adjusted. The 
fitting procedure was conducted for different values of 
B. The Nedler and Mead44 search routine was em- 
ployed. 

4. Results 
The set of c,(T) curves measured after thermal 

histories without an isothermal annealing stage is 
shown in Figure 1. The main feature of these experi- 
ments is the peak which appears a t  a temperature of 
148 "C nearly independent of the cooling rate. The 
height of the peak decreases as the cooling rate in- 
creases, but even at 40 "C/min, in the reference scan, a 
small peak shows up. 

From the curves is Figure 1 it is possible to calculate 
the intersection point of the specific enthalpy lines 
corresponding to the liquid and glassy states, which 
coincides with the fictive temperature in the glass, Tf. 
The calculation was performed according to the equation 
(see ref 45) 

where c,(T> is the specific heat capacity measured in 
the experimental scan, cpl and cpg are the specific heat 
capacities of the liquid and the glass, respectively, 2'1 
is the lowest temperature of the experiment, and T* is 
a temperature high enough in the liquid state. The 
values of Tf calculated from (19) are shown in Table 1 
as a function of the cooling rate. The difference between 

1 410.7 10 413.4 
2 412.0 20 413.9 
5 412.7 40 415.0 

these values and the temperatures of the intersection 
of the entropy lines in the liquid and the glassy states 
is only h0.3 deg. 

In this work we take the value of Tf measured in the 
reference scan, 142 "C, as the glass transition temper- 
ature, Tg, of the sample. This value is slightly higher 
than the onset of the transition, Tg,onset which in our 
reference scan is 140 "C and slightly lower than the 
midpoint Tg, determined from the midpoint of the cp 
increment in the transition: 143 "C. The three values 
of the different usual definitions of Tg are close to each 
other in this polymer because of the narrow range in 
which the transition takes place. 

The c,(n curves measured after thermal treatments 
with isothermal annealing a t  100, 120, and 140 "C are 
shown in Figure 2, together with the predictions of the 
model. The annealing time was about 1000 min at 120 
and 140 "C. The annealing time was longer at  100 "C 
because this temperature is quite far from Tg; shorter 
annealing times do not lead to a peak additional to  
that already showing up in the reference scan but result 
only in a small shoulder on the curve at temperatures 
below this peak. The peak in the low-temperature side 
of the glass transition characteristic of the annealing 
at low temperatures which appears in other poly- 
mers9JoJ2~43~46-50 (see also ref 33) does not appear in 
polycarbonate with the annealing temperatures selected 
in this work. 

A series of experiments with different annealing times 
at 120 "C were conducted. The c,(T) curves measured 
are represented in Figure 3a. From them the increment 
of enthalpy in the isothermal stage hh(T,t) = h(T,O) - 
h(T,t) (with T,  t the annealing temperature and time, 
respectively) was determined. The calculation proce- 
dure was the one described in refs 9 and 51. The results 
are shown in Figure 4. 

Master curves for the dynamic-mechanical storage 
modulus E and loss modulus E could be drawn by 
making use of time-temperature superp~s i t ion ,~~ tak- 
ing 150 "C as the reference temperature (Figure 5) .  The 
horizontal shifts (in the logarithm of frequency axis), 
log U T ,  needed to build the master curves are shown in 
Table 2. Small shifts in the logarithms of E and E" 
(vertical axis), log a,, were also necessary (see Table 2). 
This form of presentation of our  data has to be consid- 
ered just as an estimate of the shape of the relaxation 
curves a t  150 "C in a broad range of frequencies, 
between and lo4 Hz, not available experimentally. 
The maximum of E" at this temperature appears at 6.8 
Hz (angular frequency urn = 42.7 9-l). 

The procedure followed with the dielectric results was 
similar to  that just described. Master curves for E' and 
e'' (real and imaginary parts of the complex dielectric 
permittivity) were obtained by superposition on the 
170.7 "C isotherm (Figure 6). Vertical shifts were not 
necessary in this case. Horizontal shifts are shown in 
Table 3. The maximum in E" in the 170.7 "C isotherm 
appears a t  1.17 x lo4 Hz (angular frequency w m  = 7.33 

104 s-1). 
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I 1.6 

1.4 a 
120 140 160 120 140 160 

2.2 

2 

$1.8 
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2 

z! 
1.4 

Temperature (OC) 

2.6 

2.4 

1.8 

Temperature (OC) 

1.4 
120 140 160 120 140 160 

Temperature (OC) Temperature (OC) 

2.2 

2 

5 1 . 8  

1.6 
u" 

1.4 1 
120 140 160 

Temperature (OC) 

Figure 2. Experimental cp(T) curves measured after cooling 
at 1 "Urnin (a) and 40 "C/min (b) and aRer thermal histories 
that include an isothermal annealing at 100 "C for 4440 rnin 
(c), 120 "C for 1010 min (d), and 140 "C for 1005 rnin (e). The 
solid line represents the prediction of the model with Acp 
following eq 20, B = 1250 J/g, and the rest of the parameters 
shown in Table 4. The circles correspond to the experimental 
values. 

6. Discussion 
Application of the Model with a Linear Expres- 

sion for Acp(m. The parameters in (17) were deter- 
mined with a least-squares fit of the experimental c,(T) 
values to a linear equation in the liquid (between 160 
and 180 "C) and glassy (between 110 and 130 "C) temp- 
erature ranges. The expression accepted for the con- 
figurational heat capacity was taken as the average of 
those found for the complete set of experimental results, 

Ac, = 0.8505 - 0.001521T J/@ K> (20) 

Figure 2 shows the fit obtained keeping B = 1250 Jlg 
fixed. The values of A, T2, and /3 obtained with the 
search routine are shown in Table 4. The curves 
predicted by the model are close to the experimental 
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Figure 3. Specific heat capacity after annealing at 120 "C 
for different temperatures: (m) 10 min; (0) 30 min; (A) 115 
min; (0) 300 min; (0) 1005 min; (A) 4090 min; experimental 
values (a) and model predictions (b). 
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Figure 4. Enthalpy increment during isothermal annealing 
at 120 "C as a function of annealing time: (m) experimental 
results, (0) model calculations. 

ones, a remarkable feature in them being the fact that 
the peak in the c,(T) curve measured after an annealing 
a t  140 "C is higher in the model than in the experiment. 
This fact has also been found in other polymers.33 The 
peak in the curve measured after annealing at 100 "C 
appears in the model slightly shifted toward lower 
temperatures. The shape of the curve after thermal 
treatments which involve annealing at low tempera- 
tures is quite different in different polymers. In fact, 
the fit in the methacrylate polymers,33 which show a 
prepeak in the c,(T) curve after this treatment, is quite 
better than in polycarbonate. 
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Table 4. Model Parameters Found by the Search 
Routine for Each Value of B and Each Expression 

for Ac,(T) 
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log f (Hz) 

Figure 5. Master curves of the real and imaginary parts of 
the dynamic-mechanical modulus, E' and E ,  constructed on 
the 150 "C isotherm. 

Table 2. Horizontal and Vertical Shift Factors, log UT 
and log a,, Respectively, Needed To Superpose each E 
and E Isotherm on the 150 "C One To Draw the Master 

Curve of Figure 4" 

165 -3.13 -0.07 -4.93 145 1.39 0.05 -0.41 
160 -2.26 -0.06 -4.06 140 2.9 0.1 1.10 
155 -1.28 -0.04 -3.08 135 4.88 0.13 3.08 
150 0 0 -1.8 130 6.22 0.14 4.42 

a The parameter TM of the KWW equation is also included. 

E '  1 1 E "  

3.2 1 1 4 f i - 1  

1 ,  , , , , , I I ( 4 1 0 - 4  
1 3 5 7 9 

log f ( H z )  

Figure 6. Master curves for the real and imaginary parts of 
the dielectric permittivity, E' and e'', constructed on the 170.7 
"C isotherm. 

Table 3. Horizontal Shift Factors log a~ Needed To 
Superpose Each E' and c'' Isotherm on the 170.7 "C One 

To Draw the Master Curve of Figure 5" 

194.5 -2.23 -7.26 170.7 0 -5.03 
189.9 -1.91 -6.94 167.5 0.45 -4.58 
186.1 -1.66 -6.69 163.3 1.264 -3.77 
182.5 -1.36 -6.39 158.0 2.22 -2.81 
179.1 -1.02 -6.05 153.3 3.42 -1.62 

173.6 -0.42 -5.45 
176.6 -0.76 -5.79 148.2 5.27 0.24 

a The parameter TD of the KWW equation is also included. 

The values obtained for the model parameters are 
significantly different for the different values of B 
selected, as shown in Table 4. Nevertheless, for any of 
the thermal histories the curves predicted by the model 
with the different sets of parameters corresponding to 
values of B ranging between 1000 and 2000 Jfg are 
nearly coincident. The only exception is the scan 
corresponding to an annealing at 100 "C. Here the 

1000 0.43 
1250 0.45 
1500 0.46 
1750 0.48 
2000 0.49 

1250 0.42 

1250 0.44 

1250 0.48 

Ac,(Z') as in Eq 20 
0.0415 -52.7 355.1 59.9 1.17 151.6 
0.0481 -57.9 347.7 67.3 1.19 144.2 
0.545 -61.6 340.9 74.1 1.22 138.2 
0.0612 -64.3 334.3 80.7 1.24 131.1 
0.0672 -67.1 328.6 86.4 1.26 126.9 

Ac,, Independent of Temperature 
0.0539 -51.14 338.6 76.4 1.23 

Acp as in Eq 18 
0.0494 -56.2 338.7 76.3 1.23 

Ac,, as in Figure 10, with A = 0.12 
-57.3 347.6 67.4 1.19 

height of the peak in the theoretical curve increases 
with increasing B values (see Figure 7). Thus, there 
exist different sets of four parameters which lead to  
nearly identical predictions for the cp(T) curves. It must 
be pointed out that, in this respect, the model here 
employed and the Narayanaswami-Moynihan or the 
Scherer-Hodge models exhibit the same features. In 
fact, much attention has been devoted to the indepen- 
dent determination of one of the model parameters. 
Instead of exploting an a priori argument to determine 
the value of the parameter B,  in the present study we 
prefer to start out by making calculations with different 
values of this parameter, thus arriving at the results of 
Table 4, to later analyze the arguments that can be 
adduced to choose one value. Below we consider some 
of the arguments employed to eliminate this overdeter- 
mination of the phenomenological models. These argu- 
ments rely on the assumed universality of certain 
features of the glass transition such as the relationship 
between TZ and Tg, or on the experimental determina- 
tion of the temperature dependence of the equilibrium 
relaxation times in an interval around Tg using experi- 
ments after different cooling rates. Though these argu- 
ments can be of help in reducing the uncertainty of the 
numerical determination of the parameter values, the 
procedure here employed shows that none of them 
suffices for an unambiguous and independent determi- 
nation of one of the parameters. The reason for the 
model's overdetermination lies probably in the fact that 
the analytical dependence of the relaxation times on 
temperature and structure contains three parameters, 
which may be too many. Equations based on free 
volume theories also contain three  parameter^.^,^,^^ To 
our knowledge, none of the equations proposed for out- 
of-equilibrium states contain fewer parameters. 

The correlation among the parameters of the model 
appears quite clearly. When B increases, lower values 
of TZ and of In A are obtained. These three parameters 
determine the curve of equilibrium relaxation times. 
Figure 8 shows the Zeq curves determined from the 
different sets of parameters. of Table 4. There is an 
outstanding coincidence between these curves, at least 
in the time interval comprised between and lo3 s. 
The equilibrium relaxation time is 100 s when the 
temperature is equal to Tg for all the sets of parameters. 
The differences between the different curves start being 
significant at low temperatures. This may explain why 
only the cp curves measured after isothermal annealing 
at 100 "C seem to be affected by the value of parameter 
B fured in the search routine. In any event, the 
equilibrium relaxation times are sensitive to the values 
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Figure 7. c,(T) measured after a thermal history that 
includes an isotherml annealing at 100 "C for 4440 min. Model 
calculations with B = 1000,1250,1500, and 2000 J/g (and the 
rest of the parameters according to Table 4) are shown in solid 
lines. The peak appearing in cp at approximately 142 "C 
decreases for increasing values of B; this identifies the different 
curves. The experimental results are represented by open 
circles. 

2 2  2 3  24 2 5  
1000/T 

Figure 8. Equilibrium relaxation times determined by the 
model for different values of B (see text): (-1 B = 1000 J/g; 
(. - -) B = 1500 J/g; (- - -1 B = 2000 J/g. The relaxation times 
obtained from dynamic-mechanical (0) and dielectric (W) 
relaxation studies are also shown. 

of the set of parameters only in a time interval clearly 
1 order of magnitude greater than the experimental 
times. 

There is also some correlation between the value of 
B and the one found by the search routine for p, which 
varies from 0.43 t o  0.49 when B varies from 1000 to 

As a consequence of all this, it is possible to conclude 
that the experimental results on polycarbonate define 
a single curve of equilibrium relaxation times, which 
can be accurately determined between 130 and 180 "C, 
but the analytical expression for this curve is compat- 
ible, within the accuracy of this method, with different 
sets of three parameters. This, in practice, leads to a 
high uncertainty in the determination of each one of 
them. The only experimental datum which would allow 
the determination of B,  and consequently fx the rest of 
parameters, would be the response after long annealing 
periods at low temperatures. Concerning the thermal 
histories in the present work, this argument supports 
a choice of a value of B close to 1250 J/g. But a more 
extensive study on different polymers would be neces- 
sary to check this hypothesis. 

Support from other types of experiments or theoretical 
arguments seems necessary for an independent deter- 

2000 Jlg. 

mination of one of the parameters. This would be the 
case if one of these parameters were "universal", at least 
for some class of amorphous material. One of the 
parameters that could play this role is the configura- 
tional entropy a t  the glass transition temperature, 
SEq(TJ. From (3) 

S:'(Tg) values calculated for the different sets of pa- 
rameters are displayed in Table 4. A universal value 
for this parameter would mean that the glass transition 
occurs when the number of conformations available for 
the molecule segments or material units attains a 
certain critical value, an argument parallel to that of 
free volume theories that claim the existence of a 
universal value for the fractional free volume at Tg.52 
Obviously, to be conclusive in this point it is necessary 
to compare systematically this value for different ma- 
terials with similar behaviors in the glass transition (for 
instance, in the case of the materials in this work, for 
the substances called fragile by A ~ ~ g e l l ~ ~ )  and to settle 
the ambiguity in the definition of the term glass 
transition temperature. 

Another possibility in this regard refers to  the value 
of the parameter Tz. For polymers behaving as fragile 
according to the classification of Angel1 one may expect 
values of T4T2 close to 1.1 + 1.3, the order of magnitude 
of the values reported by Adam and G i b b ~ ~ ~  from 
viscoelastic results. In polycarbonate, the glass transi- 
tion is quite narrow, and probabily because of this the 
values of T4T2 fall within this interval for all the sets 
of parameters of Table 4. The difference Tg - TZ varies 
from 60 to 87 "C. The more reasonable values, taking 
into account what is found in viscoelastic or dielectric 
measurements, are those close to 50 "C, which cor- 
respond to the lowest values of B. Nevertheless the 
determination of TZ from viscoelastic or dielectric ex- 
periments is not free from difficulties. The uncertainty 
in the determination of TZ made by fitting the In z us T 
curves to the Williams-Landel-Ferry (WLF)55 or Vo- 
gel-Fulcher-Tammann-Hesse (VFTH)  equation^^^-^^ 
is high, and the calculation is frequently done by 
assuming universal values of the parameters c1 and cz  
of the WLF equation.52 

Another source of information that has been employed 
for an independent determination of one of the param- 
eters in a phenomenological model is data for Tg values 
obtained after cooling from equilibrium at different 
cooling rates. This allows the determination of the slope 
of the In I?' us 1lT curve:45 

(22) 

The experimental values of Table 1 allow us to calculate 

-- a In 'e' - 154 f 11 kK 
a( 1/27 (23) 

The value of this slope calculated from the model as a 
function of B and Szq(Tg) is 
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Figure 9. Master curves for the normalized main dynamic- 
mechanical (E”/E”,,,) ( x ) and dielectric ( E ’ ’ / E ’ ’ ~ ~ ~ )  (0) relax- 
ations and the calculated one with the KWW equation with p 
= 0.4 (solid line). 

The values calculated with the different sets of 
parameters are shown in Table 4. None of them is very 
far from the experimental value, but again the fits 
carried out with the values of B around 1250 J/g are 
the best. 

The equilibrium relaxation times determined by DSC 
can be compared with those determined from dynamic- 
mechanical and dielectrical measurements through the 
temperature dependence of the quantity t in the Kohl- 
rausch-Williams-Watts equation:37 

W )  = exp(--(t/zY’> (25) 
The master curves in Figures 5 and 6 were fitted to the 
KWW model. It is assumed that there is no significant 
change of the value of the /3 parameter with tempera- 
ture. The fitting procedure was the one proposed by 
Williams, Watts, Dev, and North.59 A value of /3dm = 
0.40 was found both for the dynamic-mechanical and 
dielectric main relaxations. The model curve is repre- 
sented in Figure 9 together with the normalized experi- 
mental results. The experimental E“ data are higher 
than those predicted by the model in the high-frequency 
interval, probably due t o  the overlapping of a secondary 
relaxation that appears around 1 Hz at 100 0C.31,60 The 
values of the parameter z in the KWW equation, called 
here TM for the dynamic-mechanical relaxation and t~ 
for the dielectric relaxation, were determined as func- 
tions of temperature by taking into account the position 
of the maximum in the master curve and the horizontal 
shift factors needed to  build the master curve. Thus, 
in the dynamic-mechanical E isotherm at 150 “C the 
maximum appears at an angular frequency of 42.7 s-l. 
Since for /3 = 0.4 the KWW equation predicts a maxi- 
mum in E for wz = 0.68,59 one can calculate ZM a t  150 
“C and use the shift factor aT to calculate the values 
corresponding to different temperatures. The data are 
included in Table 2 and represented in Figure 8. The 
same procedure has been followed to  calculate the 
dielectric relaxation times (Table 3 and Figure 8). The 
values of ZM are shorter than the corresponding calori- 
metric ones for the same temperature, in good agree- 
ment with what found by other authors with different 
 procedure^.^^^^^^^ By contrast, ZD values sensibly agree 
with calorimetric values. 
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The value of the parameter /3 calculated from the fit 
of the model to the DSC experimental results correlates 
with the remaining parameters. The values obtained 
with the lowest values of B, 1000 or 1250 J/g, are the 
closest to the ones determined by dynamic-mechanical 
or dielectric techniques. 

The enthalpy increment during the isothermal an- 
nealing at 120 “C has been calculated from the model 
cp(T) curves with B = 1250 J/g and the corresponding 
values for the rest of parameters given in Table 4, 
following the same procedure as in the calculation from 
the experimental result. The model values agree sen- 
sibly with the experimental ones at all annealing times 
(Figure 4). This shows the good performance of the 
model in thermal histories different from the ones used 
in the least-squares fit. 

Influence of the Expression for Ac,(T) on the 
Model Calculations. Limit States of the Struc- 
tural Relaxation Process. The model was fitted to  
the experimental results with a constant value for Acp 
calculated from (20) at the temperature of 120 “C. This 
assumption means that some part of the measured cp 
at temperatures below the glass transition has a con- 
figurational origin. Since the overall fit obtained is very 
similar to that found with (20) and shown in Figure 2, 
no additional figure is included. Nevertheless, the 
parameters take quite different values. The set of 
parameters found by the search routine with B = 1250 
J/g and constant Acp is included in Table 4. The same 
behavior is met when (18) is the one used. The set of 
parameters for B = 1250 J/g is also shown in Table 4. 
The influence of the Acp(T) expression is greatest on Tz, 
with differences of up to 12 K among the values 
corresponding to the different equations. 

The overall accuracy of the fit allows us to  consider 
significant the fact that the peak appearing in cp(T) 
after annealings at high temperatures is greater in the 
model prediction than in the experimental results. 
Works on enthalpy relaxation in amorphous polymers 
have reported that the extrapolation of the experimental 
values of Ah(T,t) to long times leads to limiting values 
considerably lower than the theoretically determined 
ones5,51,63,64 (a significant exception to this is constituted 
by ref 23; in it, heat capacity increments in the glass 
transition of polycarbonate seem to be compatible with 
the limiting values of the enthalpy loss during the 
isothermal annealing at temperatures very close to Tg). 
This raises doubts concerning the usual identification 
of the limit state of the isothermal structural relaxation 
process a t  a temperature T with the state obtained at 
T from the extrapolation of the equilibrium, or liquidus, 
curve measured at temperatures above Tg. This argu- 
ment would support the hypothesis of a metastable 
state, intermediate between those of equilibrium liquid 
and glass, as the limiting condition of the material in 
the structural relaxation process, which accordingly 
would be unable to reach the equilibrium state. The 
reason for this could lie in a collapse of the configura- 
tional rearrangements when the number of conforma- 
tions available for the molecules or polymer segments 
would attain a certain limit value higher than the one 
corresponding to  equilibrium. Topological constraints 
such as entanglements, present in polymers but not in 
inorganic glasses, could explain why structural relax- 
ation in polymers would exhibit this distinctive fea- 
t ~ r e . ~ ~  

The relationship of this question to  the existence of 
nonconfigurational contributions to Acp( T )  is not clear. 



5876 G6mez Ribelles and Monle6n Pradas Macromolecules, Vol. 28, No. 17, 1995 

T T g - 5  Tg Tg *lo T 

Figure 10. (a, Left) Sketch of the configurational entropy 
corresponding to the liquid state (dashed line), to an experi- 
mental cooling scan at a finite cooling rate (solid line) and to 
the metastable state line, possible limit of the structural 
relaxation process (dash-dot line). (b, Right) c,(n lines cor- 
responding to the three cases described in a). 

Even when a part of the difference between the excess 
entropy of the liquid and the glass, and consequently, 
a part of the difference between the entropy in a given 
glassy state and the one of the equilibrium state a t  the 
same temperature, is of vibrational origin, probably both 
vibrational and configurational contributions relax si- 
multaneously. The experiments of Chang, Bestul, and 
H o r m a ~ P - ~ ~  support this idea. They found in different 
noncrystalline materials that the difference in entropy 
between two glassy states at the same temperature 
formed through different thermal histories is temper- 
ature-dependent below Tg and only a part of it remains 
at 0 K. The vanished entropy difference would be of 
vibrational origin according to G ~ l d s t e i n . ~ ~  

Our model equations can be used to  check whether 
the predicted curves under this hypotehsis are closer 
to experiment than those previously analyzed. The 
sketch of Figure 10a shows the assumed shape for the 
curve of metastable states in the temperature interval 
of the glass transition, a shape similar to that of an 
experimental cooling at a finite rate, but with a different 
change of slope. Figure 10b represents the assumption 
here made regarding the cpl(T) behavior of the limit 
states to be introduced in the model equations. Simply, 
we assume that the behavior of the eventual transition 
from liquid to the metastable limit states is analogous 
to that from the liquid to the glassy states. Per force, 
any hypothesis regarding these limit states of the 
structural relaxation introduces new parameters into 
the model, which, in principle, is not desirable. Our 
purpose here is, nonetheless, to show how the calcula- 
tions based on limit states such as those in Figure 10 
do allow indeed predictions of cp(T) curves closer t o  
experiment. Keeping B fured a t  1250 J/g several values 
for A were tried. The best choice led to A = 0.12, 
somewhat over 0.5 of the vlaue of Acp(Tg); the remaining 
parameters are given in Table 4. The calculated cp(T) 
curves corresponding to the thermal histories employed 
in the fitting routine are shown on Figure 11. The 
height of the peak after the isothermal stage at 140 "C 
is well reproduced, and more remarkably, also the peak 
corresponding to the thermal treatment at 100 "C does 
show up at the correct temperature. As an additional 
verification Figure 3b shows the predicted behavior after 
several isothermal dwell times at 120 "C; with the 
exception of the 1005 min treatment, these temperature 
histories were not employed in the fitting routine. The 
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Figure 11. Model calculation with Ac,(T) according to the 
sketch of figure 10, B = 1250 J/g, and the rest of the 
parameters according to Table 4. The thermal histories of each 
curve have been defined in Figure 2. 

shape of the predicted cp curves, position and height of 
the maxima included, is very close to the experimental 
one. 

6. Concluding Remarks 
This paper was intended to examine the application 

of the phenomenological theories of structural relaxation 
based on the use of the Adam and Gibbs equation 
relating the structural relaxation times with the con- 
figurational entropy, in the direction of the works of 
Scherer and Hodge. Some significant ways in which our 
procedure departs from these authors are the following. 

(1) The model equations are expressed in terms of the 
configurational entropy instead of fictive temperature. 
On the one hand this makes it easier to analyze the 
influence of the assumptions regarding Acp on the model 
predictions. 

(2) On the other hand it allows us t o  consider 
hypothetical limit states of the structural relaxation 
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process of the glass which differ from the states obtained 
by extrapolating the equilibrium liquidus curve. The 
analysis on polycarbonate here presented suggests that 
these limit states could be significantly separated from 
the equilibrium ones. In order to be conclusive on this 
point a wider experimental study on more types of glass- 
forming materials would be necessary. To our knowl- 
edge, this question had not been up to now undertaken 
by the previous phenomenological studies: in the mod- 
els based on the fictive temperature concept it is simply 
assumed that when time goes to infinity, at any tem- 
perature T, the fictive temperature Tf goes to its 
equilibrium value, T. 

(3) The fitting routine of the model parameters is 
consistent with their consideration as material func- 
tions, that is, independent from the thermal history 
considered. A n  overdetermination of the model has 
been found, in the sense that more than one set of four 
(or five) parameter values lead to the same curve of cp- 
(T). However, the method permits the determination, 
within reasonable error bounds, of two unique material 
parameters for polycarbonate which can be obtained 
from DSC results: a curve of relaxation times in equi- 
librium and the width parameter p of the KWW equa- 
tion. A unique determination of the parameters B,  Tz, 
and In A necessitates complementary experimental tech- 
niques, or perhaps calorimetric experiments with ther- 
mal histories significantly different from those here 
employed. It was possible to compare the DSC results 
with dynamic-mechanical and dielectrical results ob- 
tained on the same material. 
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